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Abstract. As proved by Hedden and Ording, there exist knots for which the 
Ozsvath-Szabo and Rasmussen smooth concordance invariants, r and s, differ. 
The Hedden-Ording examples have nontrivial Alexander polynomials and are 
not topologically slice. It is shown in this note that a simple manipulation of 
the Hedden-Ording examples yields a topologically slice Alexander polynomial 
one knot for which r and s differ. Manolescu and Owens have previously 
found a concordance invariant that is independent of both r and s on knots of 
polynomial one, and as a consequence have shown that the smooth concordance 
group of topologically slice knots contains a summand isomorphic to Z © Z. 
It thus follows quickly from the observation in this note that this concordance 
group contains a subgroup isomorphic to Z ffi Z ffi Z. 



The Ozsvath-Szabo and Rasmussen knot concordance invariants |OSI IRa| . r 
and s, are each powerful invariants, sufficient to resolve the Milnor conjecture on 
the 4-genus of torus knots. It had been conjectured that r = s/2, but recently 
Hedden and Ording HO,, provided a counterexample, showing that certain dou- 
bled knots, including D+(T2 i 3,2) and D+(T2,5,4), satisfy r = and s = 2. Here 
D+(T Pt q,t) denotes the t- twisted positive double of the (p, g)-torus knot. These 
examples demonstrate the richness of these new invariants. However, in and of 
themselves, they do not reveal any new structure of the concordance group. For 
instance, although some of these examples are algebraically slice, all can be shown 
not to be even topologically slice using Casson-Gordon invariants |CG| . (See [H] for 
techniques that resolve the nonsliceness of these particular doubled knots, and [K] 
for a general discussion of Casson-Gordon invariants and doubled knots.) 

In this note it will be shown that the basic Hedden-Ording examples can be 
manipulated to yield a knot with Alexander polynomial one (and thus, by Freed- 
man p], a topologically slice knot) for which r and s/2 differ. 

The smooth concordance group contains a subgroup S consisting of topologically 
slice knots. In |L2| it was shown that r and s/2 agree and are nonzero on some 
polynomial one knots: both invariants take value 1 on D_|_(T2,3j 0) and £) + (T2 j 5, 0). 
It followed that S contains a Z summand. Manolescu and Owens |MO| developed 
a concordance invariant S and showed S(D+(T2,3,0)) ^ S(D + (T 2 ^,0)), and thus 
showed S contains a summand isomorphic to Z © Z. The example here shows the 
independence of r and s/2 on S and it follows from a quick determinant calculation 
that r, s/2, and S, yield a summand isomorphic to Z © Z © Z. 
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1. An Alexander polynomial one knot with t ^ s/2. 

The doubled knots D+ (K, t) bounds a Seifert surfaces built by adding two bands 
to a disk, one with framing —1 and the other with framing t. With respect to the 
corresponding basis of the first homology of the surface, the Seifert matrix is: 

-1 1 
t 

It follows from |HOj that the connected sum 

K = D+ (T 2 , 3 , 2) # £>+(T 2)3 , 2) # D + (T 2 , 5 , 4) 

satisfies t(K) = and s(K) — 6. With respect to the natural Seifert surface and 
bases for homology, the Seifert form of K is given by the matrix V± below. 
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If the first band in the Seifert surface is cut and reattached after twisting and 
linking with the other bands, a knot J with the Seifert matrix V2 above can be 
constructed. 

For a knot with Seifert matrix V, the Alexander polynomial Ax(t) is given by 
det(V — tV r ); using this, a calculation gives Aj(t) — i 3 , and thus J has trivial 
Alexander polynomial. 

According to Livingston and Naik |LN| . cutting a band in a Seifert surface for a 
knot and reattaching it can change r by at most ±1 and can change s by at most 
±2. It follows that t(J) e {-1,0,1} and s(J) e {4,6}. (Note: s is even and is 
bounded by twice the genus). Clearly, r(J) ^ s(J)/2. 
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